Continuum approaches to fracture regard crack initiation and growth as the ultimate consequences of a gradual, local loss of material integrity. The material models which are traditionally used to describe the degradation process, however, may predict premature crack initiation and instantaneous, perfectly brittle crack growth. This nonphysical response is caused by localisation instabilities due to loss of ellipticity of the governing equations and-more importantly-singularity of the damage rate at the crack tip. It is argued that this singularity results in instantaneous failure in a vanishing volume, even if ellipticity is not first lost. Adding strong nonlocality to the modelling is shown to preclude localisation instabilities and remove damage rate singularities. As a result, premature crack initiation is avoided and crack growth rates remain finite. Weak nonlocality, as provided by explicit gradient models, does not suffice for this purpose. In implementing the enhanced modelling, the crack must be excluded from the equilibrium problem and the nonlocal interactions in order to avoid unrealistic damage growth.  2002 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
Introduction
Fracture of engineering components is often preceded by considerable changes in the microstructure of the material they are made of. Examples are microcracking in concrete, fibre pull-out or delamination in composites and the formation of voids in ductile metals. Accurate failure predictions can only be obtained if this microstructural damage is taken into account in the fracture modelling. This requirement has led to the development of so-called local or continuum approaches to fracture, in which fracture is regarded as the ultimate consequence of the material degradation process (Lemaitre, 1986; Chaboche, 1988) . In these methods, the degradation is often modelled using continuum damage mechanics (Kachanov, 1958; Rabotnov, 1969; Chaboche, 1988; Lemaitre and Chaboche, 1990) . Continuum damage theory introduces a set of field variables (damage variables) which explicitly describe the local loss of material integrity. A crack is represented by that part of the material domain in which the damage has become critical, i.e., where the material cannot sustain stress anymore. Redistribution of stresses results in the concentration of deformation and damage growth in a relatively small region in front of the crack tip. It is the growth of damage in this process zone which determines in which direction and at which rate the crack will propagate. Crack initiation and growth thus follow naturally from the standard continuum mechanics theory, instead of from separate fracture criteria.
In the early stages of their development, continuum approaches to fracture were considered particularly attractive from a computational standpoint. Damage formulations can be fitted into nonlinear finite element algorithms and implemented in simulation codes with relative ease and they did not seem to require the special discretisation and remeshing techniques which are necessary in numerical analyses using discrete cracks and/or cohesive surfaces (e.g., Hillerborg et al., 1976; Ingraffea and Saouma, 1985; Camacho and Ortiz, 1996) . It has since been found, however, that finite element solutions of standard damage problems often do not seem to converge upon mesh refinement. As a matter of fact, they do converge to a solution, but this solution is physically meaningless as a consequence of the inability of the modelling to properly describe the physical phenomena that take place (Bažant et al., 1984; de Borst et al., 1993) . This can be understood if one realises that the concept of a continuous damage variable presumes a certain local homogeneity -or at least smoothness -of the microstructural damage distribution. But the continuum models based on this concept allow for discontinuous solutions, in which the development of damage localises in a surface while the surrounding material remains unaffected. This localisation of damage is in contradiction with the supposed smoothness of the damage field and thus affects the physical relevance of the model.
Stability and bifurcation analyses have provided some understanding of the origins of the pathological localisation in classical models and the conditions under which it occurs (Hill, 1962; Rudnicki and Rice, 1975; Rice, 1976; Benallal et al., 1989) . A range of extensions to the conventional damage and plasticity models have been proposed in order to regularise the localisation of deformation. Most of these enhancements introduce spatial interaction terms in the constitutive model, either using integral (nonlocal) relations (Bažant et al., 1984; Pijaudier-Cabot and Bažant, 1987) or gradients of a kinematic or internal variable (Aifantis, 1984; Coleman and Hodgdon, 1985; Lasry and Belytschko, 1988; Mühlhaus and Aifantis, 1991; de Borst and Mühlhaus, 1992) . The additional terms have a smoothing effect on the deformation (and damage) fields, and thus preclude localisation in a plane.
The past decade has provided some understanding of the mathematical implications of the nonlocal and gradient enhancement, particularly in avoiding pathological localisation. But fundamental questions still remain. For example, the role of the enhancement in crack growth modelling and the associated treatment of boundaries have not yet been fully clarified. Furthermore, nonlocal and gradient models are known to be closely related, but may nevertheless behave quite differently. In fact, very similar gradient formulations have been observed to lead to remarkably different localisation properties. It is believed that these and other issues need to be further resolved in order to fully exploit the potential of nonlocal and gradient formulations in modelling cracks.
It is the aim of this contribution to provide a deeper insight into the mathematical aspects of continuum approaches to fracture. In particular, the causes of pathological localisation during crack initiation and crack growth are studied and it is examined if and how the above mentioned enhancements remove this behaviour in the respective stages of the fracture process. Continuum damage mechanics will serve as the conceptual framework of these developments. In order not to obscure the key issues by needless complexity, the damage model which is used has been kept as simple as possible: it essentially consists of linear elasticity extended with an isotropic damage mechanism. After a brief introduction of the local damage model and its use in continuum modelling of cracks, the localisation and mesh sensitivity resulting in the local modelling are discussed in detail. The constitutive modelling is then extended with nonlocal and gradient terms and the effect of these enhancements is examined for crack initiation and crack growth.
Standard damage model and the local approach to fracture
The basic premise of continuum damage mechanics is that microstructural defects (microcracks, microvoids) in a material can be represented by a set of continuous damage variables. It is assumed here that the development of damage does not introduce anisotropy and that a single, scalar damage variable suffices to describe the local damage state. The damage variable D is defined such that 0 D 1, where D = 0 represents the initial, undamaged material and D = 1 represents a state of complete loss of integrity, in which no stresses can be transferred.
Elasticity-based damage
The classical stress-strain relation of elasticity-based damage mechanics reads (see, for instance, (Lemaitre and Chaboche, 1990) )
Einstein's summation convention has been used in this relation; σ ij (i, j = 1, 2, 3) denote the Cauchy stress components and ε kl (k, l = 1, 2, 3) the linear strains. Relation (1) does not account for permanent deformations. This means that applications of the model are limited to phenomena in which plastic deformations remain negligible, such as quasibrittle fracture and high-cycle fatigue. Whether the damage variable can increase is decided on the basis of a damage loading function in terms of the strain components:
withε a positive, scalar equivalent measure of the actual strain state and κ a threshold variable which may be a function of the deformation history. The equation f = 0 defines a loading surface in strain space. For strain states within the loading surface (f < 0) there is no growth of damage and the material behaviour is elastic. The damage variable can only increase when the equivalent strain reaches or exceeds the threshold value κ, i.e., when f 0. When the condition for damage growth is satisfied, the damage rate is governed by an evolution law which reads in its most general forṁ
where a superimposed dot denotes differentiation with respect to time. Note that the linear dependence onε implies that damage growth is rate-independent.
Continuum approach to fracture
After a certain amount of loading and resulting damage growth, three regions can generally be distinguished in the material domain Ω (Fig. 1) . No damage may have developed at all in a part Ω 0 . The damage variable has its initial value D = 0 in this region and the material properties are those of the virgin material. In a second region Ω d , some development of damage has occurred, but the damage is not yet critical (0 < D < 1). The limiting value D = 1 has been reached in the third region Ω c , i.e., the mechanical integrity and strength have been completely lost in this region.
The completely damaged region Ω c is the continuum damage representation of a crack. It is important to realise that the local, complete loss of strength in Ω c implies that stresses are identically zero for arbitrary deformation fields. The equilibrium equations are therefore meaningless in this region. This can be seen for the elasticity-based damage model by substituting relation (1) into the standard equilibrium equations (without body forces)
Making use of the right minor symmetry of the elasticity tensor (i.e., C ij kl = C ij lk ) and the definition of the linear strain tensor, the resulting equations can be written as the system of second-order partial differential equations in terms of the displacement field u(x):
For a given damage field D(x) < 1, the displacement components u k can be determined from this differential system and the corresponding kinematic and dynamic boundary conditions. In a crack however, where D ≡ 1, both terms in the differential equations vanish. Consequently, the differential system degenerates and the boundary value problem becomes ill-posed. This indefiniteness must be avoided by limiting the equilibrium problem to the subdomain Ω = Ω 0 ∪ Ω d where D < 1. At the boundary between crack and remaining material the natural boundary condition n i σ ij = 0 must be applied, with the vector n normal to the boundary. A free boundary problem is thus obtained, in which the position of the internal boundary (the crack front and crack faces) follows from the growth of damage.
Localisation and mesh sensitivity
Finite element simulations using continuum damage models are known to be susceptible to so-called mesh sensitivity: when the finite element discretisation is refined, the numerical solution does not converge to a physically meaningful solution of the problem (e.g., Saanouni et al., 1989; Murakami and Liu, 1995) . This behaviour is not unique for damage models, but also occurs in softening plasticity and other continuous representations of material degeneration (Pietruszczak and Mróz, 1981; Bažant et al., 1984) . Neither is it necessarily related to the finite element method, since other discretisation methods also show irregularities under similar circumstances. Indeed, mesh sensitivity is not caused by numerical artifacts or inadequate solution algorithms, but it is the numerical consequence of shortcomings of the underlying mathematical modelling. Although intimately related, the mechanisms behind pathological localisation are fundamentally different in the initiation stage and the growth stage of cracks. These stages are therefore treated separately below as far as the mathematical issues are concerned; the computational consequences are discussed subsequently.
Crack initiation
During the initiation stage the damage variable satisfies D < 1 everywhere in the domain Ω and no cracks are therefore present. Nevertheless, discontinuous solutions may emerge as a result of localisation instabilities. These discontinuities may arise when the traction rate vector acting on an arbitrary surface is insensitive to a velocity gradient across the surface (Rice, 1976) . In order to further define this situation, consider a surface S, fixed in space and given by ϕ(x) = 0. New independent variables ξ m (m = 1, 2, 3) are introduced, such that ξ 3 = ϕ (i.e., normal to S) and ξ 1 , ξ 2 are surface variables on S. The transformation from the coordinates x i to the new coordinates ξ m is given by the derivatives ∂ξ m /∂x i = ξ mi ; in particular, ∂ξ 3 /∂x i = ∂ϕ/∂x i = ϕ i . The unit normal n to S is then given by
Differentiation of the stress-strain relation (1) gives for the stress ratė
where the tangential stiffness tensor C ij kl is defined by
The tangent tensor C ij kl satisfies the left symmetry C ij kl = C jikl as a consequence of the symmetry of the stress rate tensorσ ij . It can also be assumed to satisfy the right symmetry C ij kl = C ij lk without loss of generality. Using (7) and the fact that the surface S is fixed in space, the traction ratesτ j acting on S can be written aṡ
Rewriting this expression in terms of derivatives with respect to the new independent variables ξ m and using (6) results iṅ
where ∂/∂n = n i ∂/∂x i = |∇ϕ|∂/∂ϕ denotes differentiation in the direction of the surface normal n. If the second-order tensor n i C ij kl n l , which is sometimes referred to as the acoustic tensor, is singular, i.e.,
the traction rate does not depend on the component of the velocity derivative in the direction of the right eigenvector m associated to the vanishing eigenvalue of n i C ij kl n l . This means that the normal derivative of the velocity component v k m k need not be defined in order to satisfy rate equilibrium, i.e., v k m k may be discontinuous across S. Notice that stationarity ofτ j with respect to the velocity derivative m k ∂v k /∂n does not automatically imply thatτ j = 0, i.e., that the traction vector itself is stationary. If relation (11) holds in each point of the surface S, then S is a characteristic surface of the rate equilibrium equations
It can be shown that (weak) solutions of linear partial differential equations with smooth coefficients can have discontinuities or discontinuous derivatives only across characteristic surfaces (Courant and Hilbert, 1953) . No characteristic surface can be constructed through a point if the characteristic form det(n i C ij kl n l ) has no real roots in this point. The set of equilibrium equations is then called elliptic and solutions cannot have jumps or derivative jumps in this point. It can easily be shown that the initial, elastic equilibrium problem is elliptic (e.g., Peerlings, 1999) . At a certain stage of the damage growth process, however, this ellipticity may be lost. For homogeneous damage and homogeneous strains, the coefficients of the second-order derivatives in the partial differential system (12) are constant, whereas the firstorder terms vanish because of ∂ C ij kl /∂x i = 0. Loss of ellipticity occurs simultaneously in the entire domain, resulting in a family of parallel, characteristic planes ϕ(x) = C. Arbitrary velocity fields v k = w(ϕ)m k , with w(ϕ) zero at those parts of the boundary where kinematic boundary conditions exist, can now be added to the homogeneous solution, such that the resulting velocity field still satisfies the differential equations and boundary conditions. Thus, the boundary value problem has an infinite number of solutions and the problem ceases to be well-posed. If the derivative of w(ϕ) has a finite number of discontinuities, the classical localisation bands of finite or vanishing width (weak/strong discontinuities) are retrieved. This is the case which is usually considered in localisation studies (e.g., Rudnicki and Rice, 1975; Rice, 1976; Ottosen and Runesson, 1991) . Indeed, Eq. (11) is identical to the classical condition for localisation resulting from these analyses.
It is emphasised, however, that the condition for loss of ellipticity (11) has been derived here without assuming a homogeneous reference state and can therefore be applied also in the case of inhomogeneous deformations. This is relevant, as the assumption of a homogeneous reference state is not very realistic in damage and fracture problems. As a result of the strongly varying strain fields in such problems, the ellipticity of the differential equations is usually first lost at only one point of the domain. When the velocity field becomes discontinuous at this point, the strain rate is singular. Similar to the one-dimensional inhomogeneous case, this strain rate singularity results in a singular damage growth rate. For continued deformation all stiffness is therefore immediately lost at this point and a crack is initiated. The equilibrium equations locally degenerate and, as discussed in Section 2.2, an internal boundary must be introduced.
Crack initiation by this mechanism of localisation instability may occur already at an early stage of the damage process, i.e., for D much smaller than one. This premature crack initiation is clearly not the intended behaviour of the model and must therefore be classified as pathological.
Crack growth
As soon as a crack has been initiated, either by the pathological mechanism described above or in the normal way once D = 1 somewhere in Ω, the deformation field contains a singularity. The damage rate is a function of the strain and is therefore also singular. This means that the most critical point in front of the crack tip will fail instantaneously, i.e., that the crack starts to propagate. Since the material adjacent to the crack must unload elastically in order to follow the resulting stress drop, the width of the crack remains zero. This implies that the strain and damage growth rate at the crack tip remain singular as the crack grows and consequently that the crack grows at an infinite rate, since each new critical point in front of the momentary crack tip fails immediately. No work is needed in this instantaneous fracture process, since it involves damage growth in a vanishing volume. Thus, the development of a displacement (velocity) jump at some point in the material domain leads to instantaneous, perfectly brittle fracture.
It is emphasised that the mechanism of perfectly brittle fracture need not necessarily be triggered by loss of ellipticity. Even if the ellipticity of the rate equilibrium equations is preserved until the damage variable becomes critical, the initiation of a crack (when D = 1) still introduces a singularity in the problem at this point. Indeed, a singularity may already be present in the initial problem as a result of the geometry. Since the crack faces must be stress-free, the strain at the crack tip becomes singular for continued loading. This singular strain renders the damage rate singular and thus initiates the instantaneous fracture mechanism discussed above without the ellipticity of the problem first being lost.
Mesh sensitivity
Finite element solutions try to follow the nonphysical behaviour of the actual solution as described in the previous sections, but are limited in doing so by their finite spatial resolution. Standard finite element methods deliver weak solutions of boundary value problems, but in a Galerkin sense rather than a distribution sense. For the second-order partial differential equations of the equilibrium problem this means that the displacement field must be C 0 -continuous, i.e., the displacements are continuous and piecewise continuously differentiable. The displacement jumps and singular strains of the actual solution can therefore only be approximated by high, but finite displacement gradients in the finite element solution. As a consequence, a finite volume is involved in the damage process, and thus a positive amount of energy is dissipated in the fracture process. Also, because the damage growth rate at the tip of the damage band remains finite instead of being singular, the crack propagates at a finite velocity.
When the spatial discretisation grid is refined, however, the finite element approximation becomes more accurate in the sense that the displacement gradients which describe the discontinuities become stronger. Consequently, the predicted fracture energy becomes smaller and the crack propagates faster. In the limit of vanishingly small elements, the actual solution is retrieved, i.e., zero fracture energy and an infinite crack growth rate. This convergence of the finite element approximation to the actual, nonphysical solution of the problem is the origin of the apparent mesh sensitivity of damage models and other continuous descriptions of fracture. An example of the dependence of crack growth rate on element size is given for the damage modelling used here by Peerlings et al. (2000) , who observe an increase of the growth rate by approximately three decades when the mesh is refined by a factor of ten. Similar trends have been observed in dynamic ductile fracture by Needleman and Tvergaard (1998) and in creep crack growth problems by Saanouni et al. (1989) , Liu et al. (1994) . However, only the latter authors seem to have made a connection with singularities at the crack tip.
Nonlocal and gradient-enhanced modelling
A number of methods have been developed which aim at avoiding the pathological localisation of deformation and damage growth (or plastic flow) by improving the continuum modelling, see for instance (Pijaudier-Cabot et al., 1988; Sluys, 1992) or (de Borst et al., 1993) for detailed discussions and comparisons. Here the class of nonlocal and gradient models is considered. Three different types of enhancement of this type have been taken from the literature and are compared here in terms of their ability to remove the pathological localisation phenomena described in the previous section.
Nonlocal damage model
The concept of a continuous damage variable which describes microstructural defects in a continuum sense implies that this variable varies smoothly at the scale of the microstructure, or at least that it does not vary strongly within microstructural elements. In the previous section it has been shown, however, that in the standard model damage tends to localise in a vanishing volume, i.e., in a volume which is much smaller than that of the microstructural elements. This strongly discontinuous damage distribution conflicts with the supposed smoothness of the damage variable. The nonphysical behaviour of the model is a direct consequence of this inconsistency.
The necessary piecewise smoothness of the damage field can be ensured by relating the damage growth in a material point to a weighted average of the deformation in a vicinity of the point (cf. Pijaudier-Cabot and Bažant, 1987) . Physically, this weighted averaging represents long-range interactions and heterogeneities at the microscale, which can no longer be neglected when the scale of fluctuations of the constitutive variables approaches that of the microstructure. In the elasticity-based damage model the growth of damage in a point x is no longer governed by the local equivalent strainε(x) at the point, but by an averaged or nonlocal equivalent strainε(x) which is defined bȳ
where y denotes the position of the infinitesimal volume dΩ. The weight function ψ(y; x) determines the influence of the local strain in this infinitesimal volume on the nonlocal strain in x. The three-dimensional Gauss distribution
is usually used for this purpose, with ρ = |x − y| and l a length parameter which represents the scale of the microstructure. The factor 1/Ψ (x) in (13), with Ψ (x) given by
scalesε such that it equalsε for homogeneous strain states. Notice that the integration in (13) and (15) is limited to the domain Ω = Ω\Ω c where D < 1, because the deformation -and thusε -is not defined on Ω c . The loading function (2) and the damage evolution law (3) are reformulated in the nonlocal model in terms of the nonlocal equivalent strainε:
Explicit gradient formulation
For sufficiently smoothε-fields and sufficiently far from boundaries, the integral relation (13) can be rewritten in terms of even-order gradients ofε by expandingε(y) into a Taylor series (Bažant et al., 1984; Lasry and Belytschko, 1988; Peerlings et al., 1996a) . Neglecting terms of order four and higher, the integral relation (13) can then be approximated by the differential relation
where the Laplacian operator ∇ 2 is defined by ∇ 2 = i ∂ 2 /∂x i . If the nonlocal equivalent strain defined by (18) is used in the loading function (16) and growth law (17), a gradient-enhanced damage model is obtained. Since the nonlocal equivalent strain is given by (18) explicitly in terms of the deformation gradients, this gradient model will be referred to as explicit. The internal length scale of the nonlocal model is preserved in the gradient coefficient c, which is of the dimension length squared. For instance, the Gaussian weight function (14) gives c = l 2 /2. Substitution of (18) into the equilibrium equations results in a set of fourth-order partial differential equations instead of the usual second-order equations. For this reason, additional boundary conditions must be specified in order to have a well-posed equilibrium problem, see Section 4.4.
Implicit gradient formulation
An alternative second-order gradient approximation of (13) can be derived by some further mathematical manipulation (Peerlings et al., 1996a) :
In contrast to definition (18), the nonlocal strainε is not given explicitly in terms ofε and its derivatives, but as the solution of the boundary value problem consisting of the Helmholtz equation (19) and appropriate boundary conditions. The resulting gradient damage formulation will therefore be referred to as implicit. The solution of the partial differential equation (19) can formally be written as (Peerlings, 1999; Peerlings et al., 2001) :
with G(y; x) the Green's function associated to the boundary value problem, i.e., the fundamental solution which satisfies the boundary conditions associated to Eq. (19). This expression is of exactly the same form as Eq. (13) for the nonlocal model. This means that the gradient damage model based on the differential equation (19) is a special case of the class of nonlocal models, in which the weight function ψ(y; x) is the Green's function G(y; x). The gradient model according to (19) is therefore truly nonlocal in the sense that variations of the local equivalent strain in a point y always affect the nonlocal equivalent strainε in x. This is not true for the explicit approximation (18), since variations ofε(y) at some distance from x may have no effect onε(x) and ∇ 2ε (x), and thus onε(x). It will be shown in the remainder that these subtle differences between the two gradient approximations have an important effect on the behaviour of the resulting gradient damage models when used to model cracks. Reference is made to (Peerlings, 1999; Peerlings et al., 2001 ) for a more extensive comparison of the nonlocal and gradient approaches.
Boundary conditions
The need for additional boundary conditions in the gradient damage formulations has already been briefly touched upon. The treatment of boundaries may have a large influence on the behaviour of the models. In a continuum approach to fracture this is particularly true for the internal boundary which represents the crack. The mathematical treatment of this boundary has an important effect on the damage growth near it, and thus on the predicted crack growth.
The situation is perhaps the most transparent in the implicit gradient model, based on Eq. (19). This approach defines an additional, second-order partial differential equation in terms of the nonlocal strainε. A unique solution requires that the value ofε, its normal derivative, or a linear combination of these quantities is specified on the boundary of the problem domain. Fixingε itself seems to be difficult to motivate on physical grounds. The natural boundary condition
with n the unit normal, is therefore usually adopted. With this boundary condition,ε equalsε for homogeneous deformations and the average ofε always equals that ofε; both these properties are consistent with the nonlocal relation (13). In the presence of cracks, Eq. (19) is defined only on the domain Ω where the damage variable has not yet become critical. This is not only natural, since the equilibrium problem is defined only on Ω, but also necessary because the right-hand sideε is not uniquely defined in the cracked region as a result of the indefiniteness of the displacement field. The boundary condition (21) associated to Eq. (19) must therefore be defined on the boundary Γ of Ω, i.e., not only at the boundary of the problem domain, but also at the internal boundary which represents the crack contour.
The explicit gradient approach according to (18) does not introduce an additional differential equation, but renders the stresses dependent on second-order derivatives of the equivalent strain. Since these second-order derivatives ofε are related to third-order derivatives of the displacements and since equilibrium involves one more differentiation, fourth-order displacement derivatives enter the equilibrium equations. However, these fourth-order terms become active only in the process zone, i.e., in the region where damage grows. In the remaining part of the body the equilibrium equations are still of order two, except, obviously, in the completely damaged region Ω c , where the equilibrium equations are meaningless. A similar situation thus arises as in the gradient plasticity model of de Borst and Mühlhaus (1992) . Additional conditions must be provided at the internal boundary between the process zone and the remaining material, or, where the process zone touches the boundary Γ of the equilibrium problem, at this external boundary. At the internal boundary these conditions are provided by continuity requirements (cf. de Borst and Mühlhaus, 1992) . At the external boundary, however, they must be explicitly defined in terms of higher-order normal derivatives of the displacements.
At first sight the treatment of boundaries in the nonlocal model seems to be the most natural. The normalisation ofε by Ψ ensures thatε does not become unrealistically small when part of the support of the weight function lies outside the problem domain. This normalisation can therefore be considered as the nonlocal counterpart of the additional boundary conditions in the gradient models. It has already been stipulated that the cracked region Ω c must not be included in the integral which definesε. Accordingly, the normalisation by Ψ must be re-evaluated as the crack grows. The necessity of this identical treatment of internal and external boundaries does not seem to have been recognised in the literature. If the -nonphysical -strains in the crack are included in the integration, however, the nonlocal equivalent strains at both faces of the crack increase as the crack opening increases. As a consequence, the damage variable continues to grow at the crack faces and the width of the crack region thus continues to increase along the entire crack surface, until it finally occupies the entire domain.
A second difficulty of the integral formulations consists in the possibility of direct interactions across a crack. Consider for instance the situation sketched in Fig. 2 . In the standard nonlocal model the influence of the strain in a point y across the crack has the same effect on the nonlocal strain in x as the strain in a point y at the same distance, but on the same side of the notch. This insensitivity to the presence of a crack clearly leads to questionable interactions in this case. The problem can be avoided by reformulating the weight function in (13) in terms of the shortest trajectory between the points within the domain Ω (i.e., the dashed line in Fig. 2 ). This is done in a natural way in the gradient models, in which direct interactions across the notch are impossible.
Consequences for the finite element implementation
The fact that the equilibrium equations and the nonlocal averaging or the additional gradient (19) are defined only on the domain Ω = Ω\Ω c and boundary conditions must be provided at the boundary Γ of Ω has severe consequences for the finite element implementation of nonlocal and gradient models. It implies that the finite element discretisation of the equilibrium problem must also be limited to Ω. The difficulty is, however, that this effective domain will gradually decrease as the numerical simulation progresses. Consequently, the problem domain must be redefined in the numerical analysis for each increment of crack growth and a new finite element discretisation must be defined.
In order to avoid the reformulation of the finite element problem after each time step, numerical damage analyses are often defined on the original domain Ω even if this domain contains a crack. The material in the crack is given a small residual stiffness, for instance by limiting the damage variable to a value which is slightly smaller than one, in order to avoid the discrete equilibrium equations becoming singular. It is then argued that the stresses which are still transferred by the crack influence equilibrium only marginally if the residual stiffness is sufficiently small. This may indeed be true in local damage models, in which the large-nonphysical-strains in the crack do not influence the surrounding material. But if this approach is followed for nonlocal and gradient damage models, the nonlocal equivalent strain maps the large strains in the cracked region onto the surrounding material in which the damage variable is not (yet) critical. This does not only result in faster growth of damage in front of the crack and consequently in higher predicted crack growth rates, but also in damage growth at the faces of the crack, thus causing the thickness of the crack region to increase.
A rigorous approach is to track the movement of the internal boundary which represents the crack and to adapt the finite element discretisation to the new crack front after each increment. A disadvantage is that constitutive variables must be mapped from the old mesh onto the new mesh, which inevitably introduces interpolation errors. As an alternative to full remeshing, elements which have been completely damaged can be removed (Peerlings, 1999; Peerlings et al., 2000) . However, the crack contour will then always follow the (initial) grid lines, which means that a fine discretisation is needed in a relatively large region.
Crack initiation
It has been shown in Section 3 that the classical, local damage model predicts the immediate initiation of a crack when the displacement field becomes discontinuous. A necessary condition for the existence of displacement discontinuities is the loss of ellipticity of the rate equilibrium equations. The introduction of nonlocality or gradient terms can prevent the loss of ellipticity. This can be easily shown for the implicit gradient formulation. For the enhanced models the stress rate can be written in the case of damage growth aṡ
Substitution of this relation into the rate equilibrium equations yields
for j = 1, 2, 3. After differentiation with respect to time, relation (19) for the implicit gradient formulation can be rewritten as
Together, Eqs. (23) and (24) form a system of four second-order partial differential equations in terms of the variables
The classification of this system depends on the principal part of the differential equations, i.e., on the second-order terms. If the coefficients of these second-order derivatives ∂ 2 v k /∂x i ∂x l are defined as C ij kl (i, l = 1, 2, 3 and j, k = 1, 2, 3, 4), with
the characteristic determinant associated to the system is given by det(n i C ij kl n l ). Using (25) this determinant can be elaborated as
where the factor det(n i C ij kl n l ) can be recognised as the characteristic determinant for the linear elastic material. Substitution of the elastic constants and some algebra give for this determinant
with λ and µ Lamé's constants. Expression (27) is positive for all n. This means that the characteristic determinant for the gradient model, given by (26), is positive for all D < 1 and thus that the partial differential system is elliptic throughout the initiation phase. As a result of the fact that the rate equilibrium equations remain elliptic, the deformation and damage cannot concentrate in a surface. Instead, finite deformation bands are formed, with a width which depends on the internal length scale provided by the nonlocal or gradient terms. This is best demonstrated for a one-dimensional, infinitely long bar loaded in tension. Assuming a homogeneous reference state ε 0 , D 0 , the rate equilibrium equations (23) reduce to
where use has been made of the fact that the nonlocal strainε 0 equals ε 0 .
For the explicit gradient model the nonlocal strain rateε can be written in terms of the velocity by differentiation of the one-dimensional equivalent of (18) with respect to time and substitution ofε =ε = ∂v/∂x:
Using this relation, (28) can be rewritten as the fourth-order differential equation
where E denotes the tangential stiffness of the local model defined as
Even if the tangential stiffness becomes zero and the first term vanishes, the fourth-order term in (30) still remains, thus precluding strong or weak discontinuities in the velocity field. Although bifurcation into an inhomogeneous solution is possible, the deformation and damage growth cannot localise in a surface and the strain and damage growth rate thus remain finite. Inhomogeneous terms in the velocity field satisfying (30) must be harmonic, i.e., of the form
withv the complex amplitude and k the wave number. Substitution of this expression into (30) gives
For a positive tangent E this equation has only the trivial solutionsv = 0 and k = 0. This means that the response remains homogeneous in the hardening regime. When E 0, however, a nontrivial solution exists, characterised by
Thus, the inhomogeneous velocity field has a wave length λ = 2π/k with k according to (34). This wave length depends on the reference state ε 0 , D 0 and it is proportional to the length scale √ c of the gradient enhancement. Discontinuous solutions, for which λ = 0, cannot exist for positive c.
In the implicit gradient formulation the nonlocal strain is defined by (19). Differentiation of this relation with respect to time gives for the one-dimensional case (cf. (24)):
Substitution of (32) anḋ
into relations (28) and (35) gives the set of equations
For a nontrivial solution the coefficient determinant of this set of equations must be zero, i.e.,
which gives the nontrivial wave number Again, the inhomogeneous velocity field has a finite wave length and discontinuous solutions are impossible. For the nonlocal model a similar analysis can be carried out (cf. the dynamic analysis of Huerta and Pijaudier-Cabot (1994) ). If it is assumed that the weight function ψ has been normalised such that the scaling factor Ψ = 1, the nonlocal strain rate can be written as (cf. (13))
Substitution this relation and (32) into (28) results in
with Ψ (k) the Fourier transform of the weight function ψ . Nontrivial solutions must satisfy
For the one-dimensional case the Gaussian weight function (14) is defined as
It can be verified that the scaling factor Ψ is indeed equal to one for this definition. The Fourier transform of (44) reads
so that for the Gaussian weight function equation (43) can be rewritten as
The wave lengths λ associated to the wave numbers given by (34), (40) and (46) have been plotted versus the reference strain ε 0 in Fig. 3 . Since this reference strain also sets the reference damage, it fully determines the reference state. The function g(D,ε) which governs damage growth has been defined such that a linear softening response is obtained for homogeneous deformation (Peerlings et al., 1996b) . The gradient parameter has been set to c = 1 mm 2 . For the nonlocal model, the corresponding internal length l = √ 2c = √ 2 mm has been used. The diagram shows a qualitative agreement between the three localisation limiters. The wave length of the inhomogeneous solution decreases as ε 0 increases for all three models. Quantitatively, the differences between the three curves become more apparent for higher strain levels. This is due to the fact that the higher-order terms which have been neglected in the gradient approximations become more important as the wave length of the velocity field decreases.
In the nonlocal and implicit gradient models λ approaches zero as ε 0 goes to κ c . These models thus show a gradual transition from a damaged zone into a line crack. In the explicit gradient formulation the wave length remains finite. An analysis of the behaviour of the three models in dynamics has shown that the propagation of waves in the explicit model is also fundamentally different from that in the other two models and even doubtful from a physical viewpoint (Peerlings et al., 1996b (Peerlings et al., , 2001 . This difference in behaviour between the two gradient approaches is caused by the fact that the implicit model is fully nonlocal, whereas the explicit model is local in a mathematical sense. As a result, the implicit formulation, although introducing the same degree of approximation, shows a better qualitative agreement with the underlying nonlocal model.
Crack growth
The introduction of nonlocality or gradient terms in the elasticity-based damage model has been shown to preclude the development of displacement discontinuities and the associated strain singularities for noncritical damage values, i.e., for D < 1. As a result, the premature initiation of cracks which is observed in the local damage model is no longer possible. However, when the damage variable is critical somewhere in the component, and a crack has thus been initiated, a strain singularity may be unavoidable at the crack tip. It is important that the damage growth rate still remains finite, because the crack growth would otherwise be instantaneous. Since the damage growth rate depends on the nonlocal equivalent strainε in the nonlocal and gradient formulations, this implies thatε must remain finite at the crack tip in order to have a finite crack growth rate.
Analytical expressions for the nonlocal equivalent strainε can be obtained for a linear elastic crack in an infinite medium. One should realise that this situation is not representative for crack growth in a damaging material, since the development of damage in front of the crack may have an important effect on the strain singularity at the crack tip. The present analysis can therefore only give an indication of the real crack growth behaviour. It is also relevant for situations where a singularity is a priori present as a consequence of the problem geometry, e.g., at sharp notches. The conventional, local damage theory then predicts immediate, complete fracture for each positive loading level. In order to avoid this nonphysical behaviour,ε must also remain finite for such geometrical singularities.
A two-dimensional, plane-stress configuration is considered here, see Fig. 4 . Cartesian coordinates x 1 , x 2 and polar coordinates r, ϑ will be used as convenient; the origin of both coordinate systems coincides with the crack tip. The crack is assumed to be loaded in mode-I. For the equivalent strain a measure in terms of the von Mises strain is used:
with J 2 the second invariant of the deviatoric strain tensor, given by
The factor 1/(1 + ν) in (47) scales the equivalent strain such that it equals the axial strain in the uniaxial, tensile stress case. Substitution of the standard asymptotic strain fields given by linear fracture mechanics (e.g., Kanninen and Popelar, 1985) and some algebra give the asymptotic equivalent strain at the crack tip as
For the nonlocal damage model, the nonlocal equivalent strain at the crack tip,ε(0), is given bȳ
where Ω is defined as {x ∈ R 2 | r > 0, −π < ϑ < π} and it has been assumed that Ψ = 1. Substitution of the normalised Gaussian weight function in R 2 ,
and the equivalent strain according to (49) into this relation results in
Evaluation of the integrals in this relation gives (Peerlings, 1999) with (α) the gamma function. Expression (53) is indeed finite for l > 0, so that the damage growth rate at the crack tip remains finite in the nonlocal model. For the implicit gradient formulation, the partial differential equation (19) must be solved to obtainε. If the solution is assumed to be differentiable, this equation need only be solved for the half-plane Ω + : x 2 > 0 because of symmetry. A Neumann boundary condition ∂ε/∂x 2 = 0 must then be applied at x 2 = 0. For x 1 0 this condition represents the free boundary of the crack surface and for x 1 > 0 it follows from the symmetry of the problem. The boundary value problem is solved using Green's function. The free-space Green's function for Eq. (19) in R 2 reads (Zauderer, 1989) :
with ρ = |x − y| and K 0 (z) the modified zero-order Bessel function of the second kind. It can easily be verified that the Green's function for the half-space problem with the homogeneous Neumann boundary condition is then given by
with x, y ∈ Ω + and y = [y 1 , −y 2 ] T the mirror point of y in the line x 2 = 0. The solution of the half-space problem can now be written as
or, using (55) and the symmetryε(y ) =ε(y) of the equivalent strain, as
In the limit x i → 0 the nonlocal strain approaches
which, using (49), (54) and some algebra, can be written as
which is again finite. This result can be compared with expression (53) for the nonlocal model by setting c = l 2 /2. The two expressions then differ exactly by a factor (3/4) ≈ 1.23, i.e., the nonlocal equivalent strain is approximately 23% higher in the implicit gradient model than in the nonlocal model. The nonlocal equivalent strain (18) according to the explicit gradient model follows by differentiation of (49). It can be seen directly that the r −1/2 singularity ofε then results in a r −5/2 singularity ofε, which means that theε-field has a stronger singularity than the local strain field. Indeed,ε may become singular at the crack tip even if the local strain is nonsingular. This result seems to indicate that the explicit gradient model cannot realistically describe crack growth.
Discussion and concluding remarks
A key issue in the development of fracture models based on a continuum damage approach is their ability to correctly describe the localised deformations which are typical of fracture problems. If this issue is not properly addressed, the damage process which represents the initiation and growth of cracks tends to localise in a vanishing volume. A perfectly brittle response is then obtained, even if the constitutive relations have been designed to show a gradual loss of strength. The conventional explanation for this pathological localisation is that the rate equilibrium equations locally lose ellipticity.
The role of material instabilities and loss of ellipticity in crack growth, however, may sometimes have been overestimated. Even if the rate equilibrium equations do not lose ellipticity and a crack is initiated in a stable manner, the growth of this crack may still be perfectly brittle as a consequence of the damage rate being singular at the crack tip. This mechanism is not only relevant in time-dependent fracture processes, as suggested by Murakami and Liu (1996) , but also in time-independent fracture. Loss of ellipticity may act as a premature initiator of singularities in this situation, but it is the instantaneous crack growth caused by the singular damage rate which renders the fracture process perfectly brittle.
It has been shown that localisation instabilities as well as singular damage growth rates can be avoided by the introduction of nonlocality in the constitutive relations. It is crucial, however, that this nonlocality is of the strong kind, i.e., that nonlocal interactions can take place at a finite distance. The integral nonlocal formulation and the implicit gradient formulation satisfy this requirement and show the desired behaviour. The explicit gradient formulation, on the other hand, provides only weakly nonlocal interactions and does not seem to be powerful enough to remove singularities.
In each of the enhanced damage models the treatment of boundaries must be specified separately. The treatment of the nonlocality at boundaries may have an important effect on the predicted response and should therefore be done with care. This is particularly true in crack growth problems, where an internal boundary separates the crack from the remaining material. In the gradient models not only the standard dynamic boundary conditions must be applied at this internal boundary, but also the additional boundary conditions required by the gradient enhancement. In the nonlocal model cracked material must be removed from the weighting volume and the weight function must be renormalised accordingly as the crack grows. Numerical implementations of the enhanced damage models must reflect this separation of the cracked region from the remaining part of the continuum in order to be successful. Adaptive spatial discretisation techniques are needed to follow the free boundary which represents the crack contour and to accurately describe the high deformation gradients at its tip. These requirements are very similar to those of (nonlinear) fracture mechanics and some of the techniques needed may therefore be borrowed from numerical fracture mechanics.
It is interesting to note that a 'convergence' of discrete and continuous representations of fracture can be observed not only in their numerical implementations, but also in the underlying theory. In a sense, the continuum damage formulation used in this study results in a discrete crack. On the other hand, strong discontinuity approaches which a priori assume a discrete crack are extended with nonlinear constitutive models and can sometimes be regarded as solutions of nonlocal formulations (Planas et al., 1994) . It is believed that the integration of both approaches will only intensify under the influence of the increasing demand for accurate failure predictions.
